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A (co)homology theory for some preordered
topological spaces
Manuel Norman
Abstract
The aim of this short note is to develop a (co)homology theory for topolog-
ical spaces together with the specialisation preorder. A known way to con-
struct such a (co)homology is to define a partial order on the topological
space starting from the preorder, and then to consider some (co)homology
for the obtained poset; however, we will prove that every topological space
with the above preorder consists of two disjoint parts (one called ’poset
part’, and the other one called ’complementary part’, which is not a poset
in general): this suggests an improvement of the previous method that
also takes into account the poset part, and this is indeed what we will
study here.
1 Introduction
We start describing the motivation for which we develop a (co)homology theory
for topological spaces together with the specialisation preorder, i.e. the preorder
defined by:
x ≤ y ⇔ x ∈ {y} (1.1)
where {y} denotes the closure of the singleton set containing y, that is, the
intersection of all the closed subsets containing such singleton (throughout this
paper, ≤ will always indicate the specialisation preorder). We will show (see
Section 2) that every topological space together with the above preorder can be
assigned a poset X/ ∼, which can be seen as an abstract subset of X , where the
partial order is given by ≤ defined above. This will be called the ’poset part’.
The ’complementary part’ is not, in general, a poset. A usual way to obtain a
(co)homology theory for a topological space under the specialisation preorder is
to consider X with the following partial order :
x ≺ y ⇔ x ≤ y and not y ≤ x
x  y ⇔ x ≺ y orx = y
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Then, (X,) is a poset, and thus we can associate it various possible (co)homologies:
we can assign it the order complex ∆(X) and evaluate its simplicial (co)homology,
we can (if the poset satisfies some conditions) consider a cohomology with coef-
ficients in some presheaf, we can take some colouring and consider its coloured
poset (co)homology (if some assumptions are satisfied), ... (see, for instance,
[1-6] and [9]). However, this constructs a new partial order starting from ≤; we
would like to have a (co)homology that also takes into account the preorder ≤
itself. We will hence develop a (co)homology theory that also involves this pre-
order, which turns out to be a partial order on the poset part of X , and we
will consider the usual method only on the complementary part. There-
fore, we will obtain an ”improvement” of the usual (co)homology by ”adding
together” (in some way) the two parts of X .
2 (Co)homology theory for (X,≤)
We begin this section proving some results that will be needed to develop our
(co)homology theory. First of all, we will construct the poset and the comple-
mentary parts of (X,≤) (henceforth, X will always indicate a topological space
with the specialisation preorder ≤ or with the partial order ). The idea of the
construction of ∼ is similar to the one used in Section 4 of [12]: we delete the
elements that violate antisymmetry 1.
Proposition 2.1. Let (X,≤) be a topological space with the specialisation pre-
order. Define the equivalence relation ∼ on X by (the closure is always w.r.t.
X):
x ∼ y ⇔ x ≤ y and y ≤ x (2.1)
Then, X/ ∼ is a poset under ≤, and it can be seen as an abstract subset of X.
This is called the ’poset part’ of X. Its complementary w.r.t. X, i.e. X\(X/ ∼),
is the ’complementary part’ of X, and it is not, in general, a poset under ≤.
Proof. First of all, notice that X/ ∼ can be seen as an abstract subset of X by
associating to each equivalence class [a] ∈ X/ ∼ some element b ∈ X such that
[a] = [b]. It is then clear that ≤ is reflexive and transitive on X/ ∼, because
these properties hold on X . Moreover, whenever x ≤ y and y ≤ x, we have
x ∼ y (by definition), so that X/ ∼ is also antisymmetric and thus a poset. The
fact that the complementary part is not, in general, a poset, easily follows since
if at least one element x of X is such that there exist two (or more) elements y
and z with [x] = [y] = [z] and x 6= y, y 6= z, x 6= z, then clearly only one of these
elements belong to X/ ∼, while the other two are in X \ (X/ ∼). Consequently,
antisymmetry cannot hold on the complementary part in such cases.
There are however some cases where the complementary part is a poset; the
(co)homology theory that we will develop continues to work properly even in
1Actually, this construction for preordered spaces is well known. The new idea contained
in this note is to use a ’structured approach’ (see also Remark 2.1) with the ”decomposition”
of a preordered space into its poset and complementary parts.
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such situations. Henceforth, we will not consider the spaces (X,≤) which turn
out to actually be posets. This is because, in such cases, the equivalence relation
∼ is actually =, so we can just use the (co)homologies for the poset, instead of
the one shown in this paper.
Before introducing our (co)homology, we need one more result. First of all,
recall that the order complex ∆(P ) associated to a poset P is the simplicial
complex whose vertices are the points in P and whose faces are the totally
ordered subsets (called ’chains’) of P . A subcomplex of a simplicial complex is
a subset which is itself a simplicial complex. We now prove the following result:
Proposition 2.2. Let X be a topological space together with the specialisation
preorder. Define the partial order  on X as in Section 1. Then, the order
complex ∆(X/ ∼)| of the poset X/ ∼ (the notation stresses the fact that, this
time, X/ ∼ is considered under ) is a subcomplex of the order complex ∆(X)
of the poset X (under ).
Proof. First of all, we verify that X/ ∼ is a poset also under . By Proposition
2.1, we know that X/ ∼ ⊆ X . But nonempty subsets of posets are posets under
the (induced) relation, in this case  (this can be easily verified), and thus X/ ∼
is a poset under both ≤ and  (here we need to consider the latter one). Now,
since X/ ∼ ⊆ X , by their definition and by this inclusion, ∆(X/ ∼) ⊆ ∆(X).
Indeed, since we are now considering X/ ∼ under the induced relation , it is
clear that the chains (that is, the totally ordered subsets, under ) of X/ ∼
must be also contained in ∆(X). Thus, the above inclusion follows, and the fact
that these two sets are both simplicial complexes completes the proof of this
Proposition.
We can therefore consider the relative simplicial (co)homology for these two
simplicial complexes (see, for instance, [7-8]). The homology groupsHp(X,X/ ∼
) ”delete” X/ ∼ and thus ”represent” the complementary part. By applying, as
usual, the functor Hom(·, G) for some abelian group G, we obtain a cohomology
from this homology. The idea is to ”sum up” the actions of the poset part and
of the complementary part as follows (let Gn1 be the groups in the cochain of
∆(X/ ∼)|≤ and G
n
2 be the groups in the cochain of the relative cohomology;
homology can be studied similarly):
0→ G01
∂0
1−→ G11
∂1
1−→ G21 G
3
1
∂3
1−→ G41
∂4
1−→ ...
↓ 0 ↑ 0
G02
∂0
2−→ G12
∂1
2−→ G22
where 0 denotes the trivial homomorphism 2, and the other homomorphisms
are the usual ones given by the corresponding cochain. It is clear that, this
2We will see, in Theorem 2.1, that using the trivial homomorphisms does not affect neg-
atively the (co)homology obtained: indeed, it still gives us the information we wanted and
actually it neither gives rise (generally) to trivial groups (0). A similar construction has been
also performed in [13]; see there for more details on the use of trivial homomorphisms (the
situation can be easily adapted to the above case).
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way, we obtain a new cochain which consitutes a cohomology theory for X ,
and which takes into account X/ ∼ under ≤ (this is the first cochain) and also
the complementary part, represented by the relative cohomology, under  (the
second cochain). This gives rise to the theory we were looking for. Actually,
we can even be more precise on the (co)homology groups obtained. We will
prove the following final result for cohomologies; the result for homologies is
analogous.
Theorem 2.1. Let X be a topological space together with the specialisation
preorder ≤. Consider the poset (X/ ∼)|≤ (under ≤) and the poset X under .
Then, we can define the cochain complex:
0→ G01
∂0
1−→ G11
∂1
1−→ G21
0
−→ G02
∂0
2−→ G12
∂1
2−→ G22
0
−→ G31
∂3
1−→ G41
∂4
1−→ ... (2.2)
where we use both the cohomology of ∆(X/ ∼)|≤ and the relative simplicial
cohomology of ∆(X) (under ) and ∆(X/ ∼)| (which represents the com-
plementary part). The cohomology groups obtained are (we indicate them by
Ĥp(X)), for p ∈ N0:
Ĥ6p(X) = H3p(X/ ∼)
Ĥ6p+1(X) = G3p+21 / Im∂
3p+1
1
Ĥ6p+2(X) ∼= ker ∂
3p
2
Ĥ6p+3(X) = H3p(X \ (X/ ∼))
Ĥ6p+4(X) = G3p+22 / Im∂
3p+1
2
Ĥ6p+5(X) ∼= ker ∂
3p+3
1
(where we used X/ ∼ and X \ (X/ ∼) to indicate the simplicial cohomology of
∆(X/ ∼)|≤ and the relative simplicial cohomology of ∆(X) and ∆(X/ ∼)|,
respectively).
Proof. The cohomology groups are simply evaluated by their definition; in some
cases it is also used the well known fact that:
A/{id} ∼= A
(for some group A) which can be proved, for instance, via the first Isomorphism
Theorem (considering the identity map).
An important aspect to notice is that ∆(X/ ∼)|≤ is defined via ≤, while the
relative (co)homology involves  (both for ∆(X) and for ∆(X/ ∼)|, which is
a subcomplex considered, in this case, w.r.t. ).
We will also use this (co)homology in a paper on structured spaces (see also [12])
which is now in preparation. Actually, we also notice that, in a future paper,
we will discuss Eilenberg-Steenrod axioms for square/rectangular (co)homology;
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the same observations also hold for the above (co)homology 3. In order to have
the ES axioms satisfied locally, in a sense that will be made clear in such paper,
it is useful to slightly modify the definition of the (co)homology above so that
the ”local horizontal (co)chains” (i.e. the ones which are only connected by
the horizontal homomorphisms, and not by the vertical ones) are allowed to be
longer. This means, for instance, that we can define a cohomology as follows:
0→ G01
∂0
1−→ G11
∂1
1−→ G21
∂2
1−→ G31 G
4
1
∂4
1−→ ...
↓ 0 ↑ 0
G02
∂0
2−→ G12
∂1
2−→ G22
∂2
2−→ G32
and so on. The cohomology of Theorem 2.1 is said to be ’of length 3’, while
the above one is said to be ’of length 4’. It is then easy to construct various
(co)homologies of length n, so that ES are locally satisfied. We also note that
the limit of the length, for n→ +∞, can be seen as the usual (co)homology of
∆(X/ ∼), while the limit for n → −∞ (where we adopt the convention that
the negative length changes the order of the groups above, that is, the first line
contains the groups of the relative (co)homology, and the second one the groups
of ∆(X/ ∼)) is the usual relative (co)homology.
Remark 2.1. The idea of ’summing up’ some (co)homology theories comes from
the context of structured spaces and from square/rectangular (co)homologies.
It is not surprising that this idea can be similarly applied to ”mixed structures”,
where we generally consider a construction as the above one for each ”compo-
nent” of the given mixed object. For instance, if we have a partially ordered
group T , we can assign it some group cohomology (choose some T -module),
and (supposing it is also graded) some different cohomology theories for posets.
More precisely, if Gni , i = 1, ..., 4 represent the groups in the cochain of group
cohomology, simplicial cohomology of the order complex of the poset, cellular
cohomology for the poset (assumed to be graded) and coloured cohomology, re-
spectively, then we can sum up everything as follows (again, we can change the
length n, which below is equal to 3, so that the ES axioms are locally satisfied):
0→ G01
∂0
1−→ G11
∂1
1−→ G21
↓ 0
G02
∂0
2−→ G12
∂1
2−→ G22
↓ 0
G03
∂0
3−→ G13
∂1
3−→ G23 G
3
3
∂3
3−→ ...
3This implies that this ”improved” (co)homology gives interesting information about both
the poset and the complementary part, thanks to some important aspects guaranteed by the
ES axioms.
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↓ 0 ↑ 0
G04
∂0
4−→ G14
∂1
4−→ G24
Something similar can be done in the general case. This ’structured approach’
can be often useful when dealing with objects that are ”mixed” in some sense.
3 Conclusion
In this short note we have provided an ”improvement” of a (co)homology theory
for topological spaces X preordered via the specialisation preorder. This is done
considering the poset part of such a topological space, i.e. an abstract subset
which turns out to be always a poset under the specialisation order. Then, we
”sum up” the actions of the this part and the complementary part of X and find
an interesting (co)homology theory. This idea, which arises from the context of
structured spaces, can also be applied in more general situations, as explained
in Remark 2.1.
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